Strong quantum nonlinearity gives rise to many interesting quantum effects and has wide applications in quantum physics. Here we investigate the quantum nonlinear effect of an optomechanical system (OMS) consisting of both linear and quadratic coupling. Interestingly, a controllable optomechanical nonlinearity is obtained by applying a driving laser into the cavity. This controllable optomechanical nonlinearity can be enhanced into a strong coupling regime, even if the system is initially in the weak coupling regime. Moreover, the system dissipation can be suppressed effectively, which allows the appearance of phonon sideband and photon blockade effects in the weak coupling regime. This work may inspire the exploration of dual-coupling optomechanical system as well as its applications in modern quantum science.
I. INTRODUCTION
Cavity optomechanics, exploring the nonlinear photonphonon interaction via radiation pressure [1, 2] , has achieved tremendous advances in recent years, including the realization of cooling a macroscopic mechanical resonator to ground state [3] [4] [5] [6] , optomechanically induced transparency [7] [8] [9] [10] , coherent state conversion between cavity and mechanical modes [11] [12] [13] , and the generation of squeezed light [14] [15] [16] . Those achievements offer the basic of exploring the applications of optomechanical nonlinearity which can be applied into quantum optics and quantum information sciences. In particular, recent studies have shown that the strong optomechanical nonlinearity could be used to generate single photon sources [17] [18] [19] [20] , engineer a nonclassical phonon state [21] [22] [23] [24] , and implement quantum information processing [25] . However, the strong nonlinearity is difficult to realize in a normal optomechanical system due to its weak photonphonon interaction [1, 2] .
Recently, many methods have been proposed to enhance the radiation-pressure optomechanical coupling, such as using the photon hopping effects in two cavity systems [25] [26] [27] or multimode systems [28] [29] [30] [31] , Josephson effect in superconducting circuits [32] [33] [34] , and the optical [35, 36] and mechanical parameter amplification [37, 38] . In the previous proposals, only the linear optomechanical coupling is considered and an additional subsystem is needed to be introduced into the OMS, which limits its applications in the optomechanical manybody lattices [39] [40] [41] .
Different from former works, here we investigate the optomechanical nonlinearity in an optomechanical system (OMS) with a membrane-in-the-middle configura- * Electronic address: xinyoulu@hust.edu.cn † Electronic address: yingwu2@126.com tion [42] [43] [44] , [see Fig. 1 (a)], including both the linear and quadratic optomechanical coupling. Specifically, the mechanical mode oscillates around the antinode and node of the resonator mode a 1 and a 2 , respectively. Typically, the quadratic coupling is much smaller than the linear coupling [45] [46] [47] [48] [49] , which has been considered in the following discussion. Interestingly, we found that a controllable optomechanical nonlinearity could be obtained without introducing an additional subsystem. Physically, by strong driving the linear mode a 1 , two effective polariton modes with controllable frequencies are obtained. They couple to the quadratic mode a 2 with the form of radiation pressure, and have the controllable interaction strengths and coupling weights. This ultimately leads to the results that the strong radiation-pressure coupling can be obtained in an initially weakly-coupled OMS. Moreover the present optomechanical nonlinearity can be controlled easily, i.e., adjusting the frequency or strength of the driving laser. To show this controllable nonlinearity, the controllable phonon sidebands and photon blockade effects are demonstrated in the weak coupling regime. This work is general and may also be applied into the photonic crystals [50] [51] [52] and microtoroidal resonator [53] [54] [55] , even superconducting circuits with the ability of implementing quadratic interaction [56] [57] [58] . It effectively associates the linear and quadratic optomechanical interactions in a same OMS, which is interesting in broadening the regimes of cavity optomechanics as well as its applications in modern quantum technologies. This paper is organized as follows: In Sec. II, we introduce our model. The master equation describing the system's evolution and the controllable optomechanical nonlinearity of the proposed system are presented in Sec. III. In Sec. IV, we discuss the nonlinear properties of this system featured by phonon sideband and photon blockade effects in the weak coupling regime. In Sec. V, we discuss the experimental prospect of our proposal. Finally, we conclude our results in Sec. VI. In addition, we provide a detailed derivation on the effective thermal occupancies in Appendix.
II. THE MODEL
It is known that the optomechanical coupling between the optical cavity mode and the mechanical mode of an OMS depends strongly on the position of the middle mirror (or membrane) [44] . When the mirror is placed in the vicinity of the antinodes of one cavity mode, the maximum coupling between the cavity mode and mechanical mode is linear, in that quadratic coupling and higher order coupling terms are much smaller than the linear one and can be ignored safely. The other case is that the mirror is put around nodes of a cavity mode, the linear coupling is near to zero, accordingly, the maximum optomechanical coupling becomes quadratic.
Given the above, here we consider a Fabry-Perot-type optomechanical cavity system with a "membrane-in-themiddle" configuration, in which the mechanical mode (with frequency ω m ) couples to both the cavity mode a 1 (with frequency ω 1 ) linearly and a 2 (with frequency ω 2 ) quadratically, as shown in Fig. 1(a) . Specifically, the mechanical mode oscillates around the antinodes and nodes of mode a 1 and a 2 , respectively. This dualcoupling optomechanical device is applicable to trap and cool the partially reflective mirrors driven by bichromatic lasers [44, 59] .
In a frame rotating with frequency ω d , the Hamiltonian of the optomechanical system depicted in Fig. 1(a) can be written as ( = 1)
where a 1 (a 2 ) and b are the annihilation operators of the optical cavity modes and the mechanical mode, and g 1 (g 2 ) is the linear (quadratic) coupling strength between cavity mode a 1 (a 2 ) and mechanical mode b. Here Ω represents the laser driving strength, δ 1 = ω 1 − ω d is the frequency detuning of optical cavity from the driving field. When a strong red-detuning driving field is applied, the cavity could generate large steady-state amplitudes in both the cavity and the mechanical modes. We assume α 1 (β) is the steady-state amplitude of the cavity (mechanical) mode under the red-detuning driving. By using the displacement a 1 → a 1 + α 1 , b → b + β, the system Hamiltonian H tot can be replaced by a shifted optomechanical Hamiltonian H shifted = H eff + H nl given by
Here G 1 is the linearized optomechanical coupling strength, G 2 is the radiation-pressure coupling strength, and ∆ 1 , ∆ 2 are the shifted detuning, given by
The steady-state mean values
Without loss of generality, we have taken α 1 , β, G 1 , G 2 to be real and positive. Under the condition of G 1 , G 2 g 1 , g 2 , the Hamiltonian H nl can be ignored safely in our following calculations.
From the Eq. (3b), we found that the introduced radiation-pressure coupling strength G 2 is proportional to the mechanical displacement β. In the following, we will give a simple analytical derivation to clarify this effect. Provided that the equilibrium position of membrane is effectively shifted with amplitude β, i.e., b → b + β. Accordingly, we could obtain
As is shown in this equation, firstly, the steady-state displacement of membrane can not enhance the originally quadratic coupling strength g 2 . Secondly, a radiation-pressure coupling is introduced, and its strength G 2 is proportional to the displacement β. The last term 4β 2 g 2 a † 2 a 2 merely changes the cavity's resonant frequency.
Physically, we could understand this effect as following. In our proposal, a strong driving field applied to cavity mode a 1 changes the effective equilibrium position of membrane, i.e., the membrane deviates from the nodes of a 2 mode. This shift introduces a radiation-pressure optomechanical coupling from the original quadratic optomechanical interaction. Then the dominated optomechanical coupling shifts from quadratic form [i.e., fouroperators term a †
, in that the strength of the introduced radiation-pressure coupling is enhanced by the displacement amplitude β of membrane's equilibrium position. Actually, this process is similar to the linearization procedure [60] [61] [62] [63] , i.e., when a strong driving field is applied to a normal OMS with radiation-pressure coupling g 0 a † a(b + b † ), the dominated optomechanical interaction will shift from the radiationpressure coupling to a linearized optomechanical interac- 
Because the linearized optomechanical coupling strength G = g 0 α (|α| 2 is the mean photon number in the cavity) can be much larger than g 0 .
III. CONTROLLABLE OPTOMECHANICAL NONLINEARITY
Interestingly, the present system has a controllable optomechanical interaction, which leads to the controllable optomechanical nonlinearity. Specifically, the Eq. (2a) can be diagonalized via a Bogoliubov transfor-
We refer B ± as polariton modes including both photonic and phononic components, and the transformation matrix is given by [24] 
where the matrix factors C ± , D ± , E ± , F ± read,
By using the inverse of matrix M , we obtain the expression of new mode B ± in terms of a 1 and b modes, i.e., 
After a Bogoliubov transformation, we obtain a standard-like optomechanical Hamiltonian, given by
Here ω ± are the polariton mode frequencies of the subsystem,
and the effective coupling strengths of the optomechanical subsystem are given by
with the angle θ defined as
From the Eqs. (6), we could obtain polariton modes B ± of optical and mechanical modes. As discussed in Sec. II, the introduced radiation-pressure coupling strength could be enhanced by the displacement amplitude β. Moreover, as is shown in the Eq.(9a), the effective subsystem's radiation-pressure coupling strength g − can be enhanced when the polariton mode frequency ω − is decreased. Physically, this result can be understood as following. When the polariton mode frequency ω − decreases, the polariton mode B − coupled to the optical field is highly softened. Accordingly, the subsystem's radiation-pressure coupling g − is enhanced largely. In addition, in the extreme case of ω − → 0, g − approaches to infinity. However, in our proposal, the considered region is far from ω − = 0, which avoids the appearance of this singular point.
Specifically, equation (8) shows that G 1 = √ ∆ 1 ω m /2 corresponds to a critical point of ω 2 − = 0. Theoretically, when ω − → 0, the matrix factors C, D, E, F approach to infinity, then the new modes B ± tend to be zero (zero combinations of mode a 1 and b). However, in our proposal, we have taken the value of ∆ 1 from 1.1ω m to 1.5ω m , accordingly ω − ranges from 0.25ω m to 0.5ω m . As shown in the insert of Fig. 2(a) , the chosen parameter region of ω − is far away from the critical point ω − = 0. In order to make it more explicit, we plotted the function of matrix factors C, D, E, F versus detuning ∆ 1 /ω m in Fig. 3 . It is shown that, in the considered parameter region, the matrix factors C, D, E, F are finite, which ensures the validity of polariton mode B − .
In Fig. 4 , we present the dependence of the effective coupling strength g ± on system parameters ∆ 1 and G 1 . It is shown that, in the considered region, g − can be enhanced. Together with the validity of the polariton mode B − , the enhancement of system nonlinearity decided by increasing g − has real meaning. Moreover, here the optical mode couples to the two effective polariton modes with a weight decided by θ. As shown in Fig. 5 , θ ranges from 0 to 0.75 and also can be controlled by modulating the detuning ∆ 1 /ω m . By adjusting the driving laser applied into mode a 1 , the proposed system has a controllable optomechanical nonlinearity decided by the controllable optomechanical interactions.
IV. PHONON SIDEBAND AND PHOTON BLOCKADE EFFECT IN THE WEAK COUPLING REGIME
Generally speaking, the strong optomechanical nonlinearity can induce phonon sideband in the excitation spectrum and photon blockade under the condition of a weak driving field. In order to probe (or utilize) this controllable nonlinearity, we drive the cavity mode a 2 using a weak probe field with frequency ω L , amplitude ε (ε κ), where κ is the initial cavity damping rate. Then the effective system Hamiltonian becomes
where Then the system eigenstates are |n,m + ,m − and corresponding eigenvalues given by
where n, m σ are the non-negative integers and |n,m + ,m − = U |n, m + , m − . Here |n, m + , m − represents a state of n photons and m σ polaritons. The results mentioned above show that we obtain an optomechanical system with two effective polariton modes (i.e., B ± ) coupled to a same cavity mode a 2 . The corresponding coupling weight decided by θ can be controlled by tuning the frequency detuning δ 1 . Qualitatively, we present the energy level structure of system in Fig. 1(b) , which clearly shows the strong Kerr nonlinearity of system coming from both of the two optomechanical interactions between a 2 and B ± . Then, to show quantitatively the nonlinearity induced phonon sideband and photon blockade, we numerically calculate system dynamics including the cavity mode a 2 and two polariton modes B ± .
Particularly, within a Lindblad approach for the system dissipation, the system dynamics is decided by the master equation given by [64] Here,
is the standard Lindblad superoperator for the damping of the polariton modes. The effective polariton damping rates κ ± read
where κ and γ are the initial cavity and mechanical damping rate, respectively. As one can see in Fig. 6 , κ + decreases with increasing ∆ 1 /ω m while κ − becomes larger with increasing ∆ 1 /ω m , but all κ ± are smaller than initial cavity damping rate κ. Moreover, κ ± have an inverse tendency with the growth of G 1 /ω m . In the region discussed in this paper, the corresponding damping rates of subsystem can be suppressed effectively. We assume the mechanical bath to be at temperature T M = 0, then the effective thermal occupancies for modes B ± can be written asn
Heren ± originally come from the environments of the optical mode a 1 and mechanical mode b [see the definition of B ± shown in Eqs. (6)]. The detailed derivation of Eqs. (16) is given in the Appendix. In Fig. 7 , we plot the relationship between effective bath thermal occupancies given in Eqs. (16) and variables ∆ 1 /ω m and G/ω m . It is shown that, in the considered region, n ± are all less than 0.8, which ultimately ensures the probability to observe phonon sidebands and photon blockade effects in our proposal.
To demonstrate the phonon sideband, we calculate the steady-state excitation spectrum
where the resonant photon number n 0 = 4ε 2 /κ 2 . By using Eq. (17) with Hamiltonian H OMS , we plot the optical photon excitation spectrum S(∆ 2 ) as a function of various detuning δ 1 /ω − in Fig. 8 . (Note that we plot Figs. 8, 9 and 10 using the Hamiltonian H OMS and considering three modes, i.e., a 2 , B + and B − .) It shows that phonon sideband appears in the originally weak coupling regime and also can be controlled by the detuning δ 1 /ω − . This clearly demonstrates the controllable optomechanical nonlinearity featured in our system, which could effectively enter into strong coupling regime, i.e., g ± > κ ± .
To demonstrate the photon blockade effect, we calculate the equal-time second-order correlation function in a steady state
By numerically solving Eq. (18) with Hamiltonian H OMS , accordingly, the second-order correlation function g 2 (0) of the optomechanical system can be calculated. In Figs. 9 and 10, we illustrate the dependence of g 2 (0) on the weak probe field detuning ∆ 2 /ω − for different driving detuning δ 1 /ω − and initial quadratic coupling strength g 2 /ω − . Figure 9 (a) shows that there is no photon blockade (g 2 (0) 1) for large detuning δ 1 /ω − since large detuning causes weak nonlinearity and large effective bath thermal occupancies n ± . With the decrease of δ 1 /ω − , we observe a series of bunching (peaks) and untibunching (dips) resonances with the change of ∆ 2 /ω − . This indicates that the nonlinear effect is enhanced extensively and the noise of the optomechanical system is suppressed effectively along with the decrease of driving detuning δ 1 /ω − . When δ 1 /ω − 4.00, the photon blockade effect appears in the certain values of ∆ 2 /ω − due to the system effectively reaching into the strong-coupling regime [see Fig. 9(c) ]. Again, this results also demonstrate the controllable optomechanical nonlinearity can be realized in our proposal. In Fig. 10 , we plot the second-order equal time correlation function g 2 (0) as a function of ∆ 2 /ω − when the initial quadratic coupling strength g 2 takes various values. It is also clearly shown that the realization of photon blockade in the weak coupling regime based on our proposal. In other words, the strong optomechanical nonlinearity could be realized in the weakly-coupled OMS.
V. DISCUSSIONS
In this section, we discuss the experimental feasibility of our proposal. To obtain strong linearized interaction between the optical mode a 1 and mechanical mode b (i.e., G 1 = α 1 g 1 ∼ 0.1ω m ), a large optomechanical interaction strength g 1 /ω m = 10 −2 and cavity photon number a † 1 a 1 = α 2 1 = 2500 have been chosen here. Until now, it is still challenging to realize g 1 /ω m = 10 −2 in the normal optomechanical system [1] . In principle, this problem can be solved by increasing the mean photon number a † 1 a 1 with applying a strong driving laser. As shown in Ref. [4] , the cavity photon number up to 10 10 has been realized experimentally, which manifests that the restriction of the parameter condition g 1 /ω m of our proposal can be relaxed largely theoretically.
Moreover, a relatively strong optomechanical coupling strength g 1 /ω m ∼ 10 −2 has been obtained in the optomechanical crystal [50, 66] or ultracold atomic optomechanical system [67] . Recently, many potential theoretical schemes have been proposed to enhance the singlephoton optomechanical coupling strength by utilizing the Josephson effect in superconducting circuits [33] , the squeezing effect [35, 37] and so on. In a short summary, it might be still challenging to implement our proposal completely with current available experimental technology. We hope it will be realized in the further experiments along with the progress of cavity optomechanics.
VI. CONCLUSION
In conclusion, we presented a method to obtain controllable optomechanical nonlinearity in an OMS including both the linear and quadratic optomechanical coupling. By applying a strong driving laser into a cavity, we have shown that the optomechanical coupling could be enhanced enormously without loss of the nonlinearity, i.e., from weak coupling regime to an effective strong radiation-pressure coupling regime. To demonstrate the controllable optomechanical nonlinearity, we numerically calculated cavity excitation spectrum and second-order correlation function, and presented the appearances of phonon sidebands and photon blockade effects in the originally weak coupling regime. Our results shown that, in the dual-coupling optomechanical system, one can easily enhance the optomechanical nonlinearity by applying a strong driving laser. This study provides a promising route to reach the strong nonlinear regime of an OMS with available technology, and has potential applications in modern quantum science.
rates are [64] κ − =γ(E + + E − ) 2 + κ(C 
where C, D, E, F are matrix factors of Eqs. (5). Specifically, when the initial modes a 1 and b transform into polariton modes B + and B − , the interaction between cavity and bath generates nonconserving terms and these nonconserving terms lead to polariton heating. The thermal occupancies read,
We choose the temperature of the mechanical bath to be zero, i.e.,n B [ω − , T M ] =n B [ω + , T M ] = 0, then we obtain the effective thermal occupancy as follows:
